Abstract-Plug flow in microchannels is of great importance in microfluidics as it offers many advantages over continuous-flow microfluidics for various applications of lab-on-a-chip platforms. By confining fluids in small plugs of nanoliter scale, recirculation is formed. To increases our understanding of the flow pattern within liquid plugs, an analytical model of liquid plugs moving in microchannels is presented in this paper. The flow field is obtained by solving partial differential equations with corresponding boundary conditions in the microchannel. The comparison with experimental results from micro particle image velocimetry shows reasonable agreement. The model presented in this paper can be used to predict the flow pattern within liquid plugs, and it is helpful for vortex pattern manipulation in various applications of droplet-based microfluidics.
INTRODUCTION
With the development of micro-fabrication techniques [1] [2] , microfluidics gain rapid progress in the recent years [3] [4] [5] . As the dimension of the microfluid devices shrinks to micrometer scale, the Reynolds number and the Capillary number are usually very small, and the viscous force and the surface tension force dominate the flow field, while the inertial force and gravitational force are negligible. For plug flow in microchannels, the bubbles/droplets have capsular shapes which completely or partially fill the channel cross-section [6] [7] [8] . With the presence of the interfaces, recirculating flow is formed in the plugs [9] . The recirculating flow field offers many advantages over the continuous-flow counterpart. In liquid plugs, mixing can be significantly enhanced [10] , chemical reaction [11] can be achieved in time scale of several millisecond. The acceleration of mixing and reaction are the consequence of the recirculating flow field within the liquid plugs, by which, fluid elements are folded and stretched [12] [13] [14] .
Determining the flow field within liquid plugs is a significant but nontrivial task. Non-intrusive velocity measurement techniques were adopted to measure the flow field at a small space, such as micro particle image velocimetry ( PIV) [15] [16] [17] [18] . To measure the flow field of multiphase microfluidics, refractive index of the different phases should be matched to ensure optical path is not distorted by the fluid interface [19] .
The numerical methods to simulate the plug flow in microchannel can be divided into two main groups according to the methods to determine the interface shape. The first group assumes a reasonable interface shape to simply the analysis and to reduce the complexity of the problems. Reasonable results can be obtained using this method [20] . In contrast, the second group numerically predicts the interface shape by different interface predicting techniques, such as front tracking [21] , moving mesh [22] , boundary integration method [23] , volume of fluid [24] , phase field method [25] , level set method [26] , lattice-Boltzmann method [27] . These boundary prediction methods are usually complex and computation-time consuming. This is unfavorable especially for applications in which additional processes need to analyze, such as chaos analysis in mixing process [10, 13] . On the contrary, analytical models of plug flow can offer many conveniences because the further analysis can be carried out easily on the known flow fields.
In this paper, we analytically model the plug flow in microchannels. The mathematical equation and the analytical solutions are presented in Section II. The results are provided and analyzed in Section III.
II. MATHEMATICAL MODELING AND SOLUTIONS

A. Problem description and assumptions
Due to the small dimension of the microfluidics devices, the Reynolds number Re VL is usually very small, where is the density of the fluid, V is the characteristic velocity, L is the characteristic length, and is the viscosity of the fluid. Therefore, the inertial force is negligible, while the viscous force dominates the flow in liquid plugs. Fig. 1 shows the schematics of a liquid plug moving in a microchannel. The .liquid plug of incompressible Newtonian fluid is moving at a speed V in the microchannel. The surrounding fluid is gas, and its viscosity is negligible comparing with the viscosity of the liquid.
B. Mathematical modelling and analtyical solution
For plug flow in 2D microchannel, we build a translating Cartesian coordinate on the plug. For the stream function within the liquid plug at Stokes flow condition, the governing equation is [28] [29] 
where is the stream function. The following dimensionless variables are introduced x x h (2) ŷ y h
where L is the length of the liquid plug, h is the width of the microchannel, and V is the speed of the liquid plugs.Then the governing equation in dimensionless form is 
III. RESULTS AND DISCUSSION
A. Validation of the analytical model
To validate the 2D model for plug flow in microchannels, we compared our analytical results with velocity field measured from PIV [30] , as shown in Fig. 2 . In the PIV measurement (Figs. 2(b, d, f) ), a contact angle smaller than 90 degree exists when the liquid plug contacts both the wall of the microchannel. The curvature of the interface is determined by the properties of the wall of the microchannel, the properties of the fluids (both the liquid and the gas), and the flow condition. Though the interface curvature is not considered in the 2D model, the reasonable agreement between those results indicates that the 2D analytical model is capable of predicting the flow fields in the liquid plugs.
B. Flow pattern in the liquid plug
The vortex pattern in the liquid plug moving in microchannel can be clearly observed in Figs 2(e, f) . A pair of symmetric vortices with respect to the center line of the microchannel is shown. The upper vortex A is circulating in anticlockwise direction, while the lower vortex B in clockwise direction. The two vortices are separated by a streamline (indicated by a dashed line in Fig. 2(e) ) and no particle can cross this streamline by advection.
IV. CONCLUSIONS
In this paper, we analytically investigated the flow field in liquid plugs moving in two dimensional microchannels. The Stokes flow within the liquid plugs is modeled by partial differential equations and the boundary conditions are satisfied. The results are compared with experimental results. The reasonable agreement between the results from the analytical model and the flow field from μPIV shows that the models presented in this paper can capture the flow feature in the liquid plugs. These models can be used for various applications of droplet-based microfluidics, such as vortex pattern manipulation in plugs, heat and mass transfer analysis, design of micromixers and microreactors, synthesis and analysis in droplets.
